Information Theory




Entropy

Zp z)log, p(x

Important quantity in
e coding theory
» statistical physics
* machine learning

Represents “amount of information”
contained in a sample of a random variable




Entropy

Coding theory: x discrete with 8 possible states;
how many bits to transmit the state of x?

All states equally likely

1 1
Hlz] = —8 x 3 log, 3= 3 bits.




x| a b C d C f g h

1 1 1 1 1 1 1 1

p) | 3 1 5§ 6 81 61 51 81
code | 0 10 110 1110 111100 111101 111110 111111
11 1. 1 1. 1 1 1 4 1
Hiz] = —=log, = — ~log, = — = log, = — — log, — — — log, —
@] g OB29 T B2y T g %29 T 108275 T 5y 052 gy

= 2 bits

average code length

1><1+1><2+1><3+ ! X 4 4+ 4 x ! X 0
2 4 8 16 64

2 bits




Entropy

The entropy characterizes

* Minimum channel capacity (in bits/s) needed to
transmit samples of a random variable

* Maximum compression rate

Properties of entropy
* Greater than O

* Independent of the specific values assumed by
random variables




Entropy
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Differential Entropy

Put bins of width ¢ along the real line

iiino { Zp(:c@-)A lnp(x@-)} = — /p(:c) Inp(z)dx

Differential entropy maximized (for fixed ¢°)
when p(x) = N(z|p, o2)

in which case Hiz] = % {1+ In(2r02)} .




Conditional Entropy

Hly|x| = // p(y,x) In p(y|x)dy dx

Hlx,y| = Hly|x| + H[x]

Amount of information
gained by learning about Y




The Kullback-Leibler

Measure of “distance”

KLolo) = — [pmatodx— (- [peompodx)

KL(pllq) ~ %Z —Ing(x,|0) + Inp(xn)}

KL(pllq) = 0 KL(pllq) # KL(q||p)




Mutual Information

Measure of independence

I[x,y] = XyMK>@»

[ ()

I[x,y] = H[x] — H|x|y|] = H[y| — H[y|x]
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